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of loop order, coordinate-based tiles, and compressed formats. We
posit that this abstraction is inadequate for sparse computations
whose data reuse is determined by connectivity among nonzeros,
a property that coordinate-based representations cannot capture.
We therefore introduce a graph abstraction for sparse computa-
tion, in which tiling becomes graph partitioning, dataflow becomes
graph traversal, and reuse becomes a property that can be quan-
tified before execution rather than inferred from execution. We
support this position with three sets of results. Measurements on
six SuiteSparse matrices show that our proposed non-contiguous
tiling reduces modeled off-chip accesses by up to 4.04x over con-
tiguous tiling. We propose two accelerators on this abstraction.
Agquila targets conventional SpMM. It introduces vertex decompo-
sition and adaptive depth traversal, which cluster nonzeros from
discontinuous rows and columns by connectivity rather than by
matrix dimensionality. A pull-after-push dataflow then raises the
reuse of both dense operands while removing the synchroniza-
tion cost of output accumulation. Aquila achieves a 4.88x average
speedup over a prior SpMM accelerator and exploits 72.1% of the
theoretical on-chip data reuse, against 39.9% on average for prior
designs. TensorPrism targets high-order tensor contraction, using
a co-occurrence graph to capture reuse across tensor modes and
achieving 1.71x-2.40x geometric-mean speedups over four base-
line designs on eight benchmarks. Together, these results show how
graph abstraction enables graph-based non-contiguous tiling and
dataflows that exploit reuse in both matrix and high-order tensor
computations.

1 Introduction

Sparse-Dense Matrix Multiplication (SpMM) is a critical computa-
tion kernel in numerous domains, including machine learning and
scientific computing [1, 2]. Its importance has grown as sparsity
has become a property designed into models rather than a com-
pression step applied after training, a shift traced in Figure 2. For
example, Mixture-of-Experts (MoE) routing [3, 4] activates only a
small subset of expert weights for each token, while sparse atten-
tion [5-7] evaluates only a fraction of the attention score matrix,
so both reduce per-token FLOPs without reducing model capacity.
While sparsity eliminates arithmetic, the irregular access patterns
shift the performance bottleneck onto the memory system.

Prior work has approached SpMM acceleration using techniques
inherited from dense linear algebra. They first fix a loop order over

Figure 1: Row-wise Gustavson dataflow example.

the row and column indices, which yields the inner-product, outer-
product, and Gustavson dataflows [8-10]. They then partition the
operands into tiles along contiguous index ranges so that each
tile fits within the on-chip buffer [11-13]. Some methods further
improve locality by permuting rows and columns to bring nonzeros
closer together [2, 14-16]. Specifically, these decisions rely solely
on the row and column indices of nonzeros, which we collectively
call coordinate-based [8, 13]. This works well for dense matrices,
where indices fully describe the data and adjacent rows map to
adjacent memory locations, but breaks down for sparse matrices.

However, sparsity breaks the correspondence between index
and memory adjacency, as Figure 1 illustrates. For C = A X B, the
figure shows the Gustavson dataflow with the row-wise loop order
n — k — mused by most SpMM accelerators [10, 11, 17, 18]. While
the loop order naturally captures output reuse, opportunities to
reuse the input B are determined by the overlap of column indices
across rows. In Figure 1, rows 0 and 2 both access B[1, :], so placing
them in one tile would eliminate a dense-row fetch. Yet contiguous
tiling groups rows by index, which cannot guarantee that rows
with overlapping column indices are placed in the same tile. This
mismatch is measurable in practice, where only 39.9% of the theo-
retical on-chip reuse is exploited on average and up to 92% is left
unused in the worst cases [19].

In this paper, we argue that the fundamental limitation of ex-
isting SpMM optimizations originates in matrix representation
rather than in the techniques built upon it. Our key idea is to
formulate the kernel as a graph problem. A becomes the adjacency
structure of a graph whose edges are its nonzero elements, while
rows of B and C are feature vectors attached to vertices. The trans-
lation adds no information, since the coordinates already determine
every edge, but it exposes shared neighborhoods directly to the
tiling and traversal decisions that govern reuse. Specifically, tiling
becomes graph partitioning, growing tiles by connectivity rather
than index ranges. Dataflow becomes graph traversal, allowing
the choice between reusing B and C to be made per neighborhood
rather than for the entire kernel. Reuse becomes a graph prop-
erty, computable from vertex degrees and shared neighborhoods
before execution, eliminating the empirical design-space sweeps re-
quired by coordinate representations [20]. We support this position
with three sets of results, presented in Section 4. A measurement
study on six SuiteSparse matrices isolates representation from hard-
ware, showing that tiles grown by shared columns reduce modeled
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Figure 2: The growth of sparsity research and the accuracy-efficiency coupling on dense-optimized hardware.

Table 1: Design concerns under the two abstractions.

Concern Matrix formulation Graph formulation
Operand coordinates + values edges; vertices carry B/C rows
Tiling contiguous index blocks partition by connectivity
Load balance =~ nnz-count balancing vertex decomposition
Dataflow fixed loop order, push or pull traversal, pull-after-push

Reuse metric  post-hoc, empirical sweeps edge weights, computable a priori

Locality repair ~reordering (hard, ad hoc) PCST partitioning (linear-time heuristic)

High order matricization (loses modes)  co-occurrence graph (keeps them)

dense-row fetches by 1.10x to 4.04X over index-based tiling and
outperform both bandwidth and reuse-oriented reordering under
matched budgets. We then instantiate the abstraction in two acceler-
ators. Aquila applies it to SpMM, achieving a 4.88% average speedup
over Sextans [12] and raising exploited reuse from a 39.9% prior-
work mean to 72.1% of the theoretical maximum [19]. TensorPrism
extends it to high-order tensor contraction, where matricization
discards cross-mode reuse, achieving geometric-mean speedups
of 1.71X to 2.40x over four baseline designs on eight tensors [21].
The measurement study and the reordering comparison are new
to this paper, whereas all accelerator results summarize the full
evaluations of the two designs.

2 Limitations of Coordinate-Based Methods

Coordinate-based methods [8-12] choose their loop order, tile
boundaries, and operand permutation from the row and column
indices of the nonzero elements. These methods treat each row’s
indices in isolation and never compare column sets across rows, so
the accelerator cannot predict how many dense rows a given choice
will fetch. Four limitations follow, and Table 1 contrasts each of
them with the corresponding concern under a graph formulation.

Loop ordering inefficiency. SpMM dataflows are derived from
loop orderings of C = A X B, and each ordering fixes the direction
in which operands move. Inner-product and Gustavson orderings
are pull-style, meaning that an output row gathers the dense rows
it needs. This keeps the accumulation into C local, but it re-fetches
rows of B according to each sparse row’s nonzero pattern [8, 10, 17].
Outer-product orderings are push-style, meaning that a dense row
is fetched once and broadcast to every output row that needs it. This
maximizes the reuse of B, but it scatters partial sums across C at a
cost in buffering and synchronization [9, 22]. Adaptive designs relax
this by selecting a loop order per window [11], yet each window
still executes one fixed order, so the choice remains between reusing
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Figure 3: Example of translating SpMM as a graph.
B and reusing C rather than obtaining both within a window. High-
order contraction sharpens the same bind, since the number of valid
traversal orders grows with dimensionality while any single fixed
order captures the reuse of one mode at the expense of the others.

Tiling ignores connectivity. Tiling partitions the operands
into contiguous row or column blocks sized to the on-chip buffer,
but under unstructured sparsity an index-aligned tile carries no
guarantee about its contents. Two tiles of identical dimensions can
hold entirely different nonzero distributions, so the traffic a tile
generates is not predictable from its shape. Because B and C must
also conform to the tile shape of A, dense rows are fetched specula-
tively and frequently never reused. Adaptive tiling [11, 12] balances
the nonzero count across tiles but still respects index boundaries,
so it equalizes work while leaving reuse untouched. Reordering
methods [2, 14, 15], most recently through spectral clustering [16],
instead move the nonzeros toward the tiles. However, reordering
for locality is a hard combinatorial problem in matrix form [23, 24],
and each heuristic encodes assumptions about a single class of
sparsity pattern. The newest work in this line reports that some
patterns do not benefit from reordering at all [16].

Reuse cannot be quantified. The matrix abstraction offers
no primitive for estimating how much reuse a candidate sched-
ule exposes. Designers therefore answer the question by sweeping
configurations empirically [20], and because nothing in the rep-
resentation predicts the outcome in advance, the sweep must be
repeated for every new sparsity regime.

Matrix representation discards reuse opportunities. For
sparse tensor contraction, the standard approach unfolds the high-
order tensor into a two-dimensional matrix so that SpMM machin-
ery can be reused [8]. Unfolding inflates the dimensions by orders
of magnitude, and each choice of unfolding induces a different
sparsity pattern, which makes the resulting optimization mode-
dependent. More damaging, nonzeros that co-occur across several
tensor modes, and that would share operand fetches under any
reasonable schedule, land at distant coordinates in the unfolded
matrix where no coordinate-based tiler will group them. Hyper-
graph formulations [25, 26] preserve the multi-way structure but
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encode membership rather than pairwise coordinate overlap, and
their partitioning cost grows rapidly with tensor order. The 39.9%
figure measured at order two is therefore a best case, and the gap
widens as order increases [19].

These consequences reach beyond kernel benchmarks and into
model design itself. On dense-optimized hardware, the sparsity pat-
terns that best preserve model accuracy, unstructured and moderate,
are the ones that accelerate the worst, while the structured patterns
that hardware handles well constrain the model [27]. Hooker called
this dynamic the hardware lottery [28], and sparse acceleration is
living through it now. The accelerator band at the top of Figure 2
traces a decade of designs, from Cambricon-X and SCNN through
Trapezoid [18] and Bootes [16]. Several already consult connectiv-
ity, through islandization [2], community detection [24], or spectral
clustering [16], but each uses it to permute the operand and then
hands a coordinate-aligned matrix to a loop nest. The substrate,
rather than model quality, is selecting which sparsity patterns win.

3 Sparse Kernels as Graphs

A sparse matrix and a directed graph are the same object under
a change of notation. Each nonzero A[i, j] becomes an edge from
source vertex j to target vertex i, with the columns of A defining
source vertices and its rows defining targets. Each row of the dense
B is a feature vector carried by a source vertex, and each row of C
is an accumulation at a target vertex, as shown in Figure 3. Neither
half of this move is new on its own. Graph and hypergraph partition-
ing have modeled sparse matrix operands since the 1990s [26, 29],
and direction-optimizing traversal established the push and pull
duality in graph processing [30]. What is new here is keeping the
graph as the execution abstraction rather than using it to permute a
matrix, so that shared data dependencies become shared neighbors.
Two vertices with a common neighbor require the same row of B,
so a partitioner can place them in one tile deliberately, whereas
coordinate-based tiling groups them only by coincidence. The two
dataflow directions of Section 2 also become concrete under this
view. A pull is a target vertex gathering features along its incoming
edges, and a push is a source vertex broadcasting its own feature
along its outgoing edges.

3.1 Sparse Dense Matrix Multiplication

We realize this view for SpMM at order two in Aquila through three
mechanisms.

Non-contiguous tiling. Tiles are grown from the graph rather
than sliced from index ranges, as Figure 6 illustrates. High-degree
vertices are first split into bounded-degree children, which evens
out the workload and lets several tiles reuse the same dense row.
An adaptive depth traversal then grows each tile by co-locating
vertices that share neighbors. Rows that lie far apart in index space
but reference similar column sets end up in the same tile, so stor-
age shrinks and reuse rises for both B and C. Figure 4 shows the
effect on the Cora citation graph, where splitting vertices of degree
above 16 grows the matrix from 2,708 to 2,773 rows. Regrouping
rows and columns by shared neighborhoods then collects the scat-
tered nonzeros into dense effectual blocks along the diagonal. At
64X64, the share of ineffectual tiles, those holding no nonzeros and
dropping out of the schedule entirely, rises from 3.5% to 53.9%.
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Figure 4: The connectivity transformation on the Cora graph.
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Figure 5: Proposed pull-after-push on the operand of Figure 1.
Table 2: Datasets used in the paper.

Rows/Order NNZ

Dataset Rows/Order Dataset Domain

Reuse measurement, SuiteSparse GAP (GAP-road) road network 240M  57.7M
ca-HepPh collaboration 12.0K 237K | MYC (mycielskian17)  graph coloring 0.10M 100M
wiki-Vote social network 83K 104K RED (Reddit) social, GNN 0.23M 115M
memplus circuit 17.8K 126K PMED (PubMed) citation, GNN 002M  0.09M

mac_econ_fwd500 economics 207K 127M Tensor contraction, FROSTT
luxembourg_osm road network 115K 239K uber ride sharing 4D 33M
besstk17 FEM, structural 11.0K 429K nips publication topics 4D 31M
SpMM at order two nel1 (Nell-1) knowledge graph 3D 144M
Cora citation graph 27K 10.6K nel2 (Nell-2) knowledge graph 3D 76.9M
DEL (delaunay_n24)  numerical simulation 168M 101M flkr (Flickr) social media 4D 113M
SER (Serena) geomechanics 14M 64.1M [ Ibnl LBNL-network) ~ network traffic 5D 17M
WIKI (wiki-topcats) hyperlinks 1.8M 285M | cher (Chicago-Crime)  urban records 4D 53M
PAP (coPapersCiteseer) co-authorship 043M  321M | amre ( R 3D 1.74B

Pull-after-push (PaP) dataflow. A loop nest must commit to
one direction for the entire kernel, whereas a traversal can change
direction at every vertex. PaP uses that freedom to take both direc-
tions in turn, as Figure 5 shows. It first pushes, broadcasting one
fetched row of B along all outgoing edges of a source vertex, which
is where the reuse of B comes from. Each of those partial products
lands in the buffer of a different target vertex, so no accumula-
tor is shared, and the synchronization cost that makes push-style
dataflows expensive disappears. It then pulls, walking a target ver-
tex’s own incoming edges to finish that row of C on chip. A single
schedule therefore obtains the input reuse of a push and the output
reuse of a pull, which no fixed loop order can provide. A bidirec-
tional fiber tree format interleaves row and column indices so that
both directions remain cheap, in contrast to traditional row-major
or column-major access.

3.2 High-Order Tensor Contraction

Sparse high-order tensor contraction is the kernel behind attention
over 4D activation tensors, volumetric vision, recommendation,
and quantum simulation, and it is where coordinate methods are
weakest. The difficulty at high order is deciding what to build the
graph from. A hypergraph models a tensor faithfully, with one
vertex per mode index and one hyperedge per nonzero, but a tiler
needs coordinate overlap, meaning how often two indices co-occur
across nonzeros in any mode. We therefore collapse the hypergraph
into a weighted co-occurrence graph (CoG). Vertices v; and v; are
connected when they co-occur in at least one nonzero, and the edge
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weight records the co-occurrence frequency. An edge of weight
w corresponds to w operand fetches that a schedule can share, so
the cross-mode reuse that matricization discards becomes explicit
graph structure (Figure 7).

Tiling then becomes a Prize-Collecting Steiner Tree (PCST) prob-
lem [31] on the CoG, gathering high-weight neighborhoods into
tiles subject to buffer capacity and load balance. PCST is itself NP-
hard, but a primal-dual approximation [31] yields a near-linear-time
heuristic on the CoG, against the rapidly growing cost of hyper-
graph partitioners [25, 26]. The dataflow follows by extending PaP
into high dimensions over these tiles, so that reuse across all ten-
sor modes is captured at once. Any single unfolding, by contrast,
preserves only the reuse visible in its two-dimensional shadow or
projection. We call the resulting design TensorPrism, and Section 4
reports its simulation results [21].

Architecture. Both designs share one organization, which is
what makes them instances of a single approach rather than two
point solutions. A scheduler builds and partitions the graph at run-
time, processing elements switch traversal direction within a tile,
and an aggregation unit resolves cross-tile accumulation off the
critical path. In Aquila, the scheduler is a non-contiguous tiling
engine that streams vertex decomposition and adaptive depth tra-
versal. Each processing element carries a sparse and a dense buffer
so that it can alternate push and pull modes, and a child-parent
aggregator accumulates partial sums from decomposed children
into their parents without cross-element synchronization [19]. Ten-
sorPrism keeps that structure and replaces the tiling engine with a
co-occurrence graph scheduler that computes edge weights, gen-
erates the graph, and runs the partitioner. A mesh of sixteen pro-
cessing elements then lets fetches issued by different tiles share
the network [21]. The same organization therefore covers sparsity
from extreme to moderate, at order two and above.

4 Preliminary Results

Table 2 lists the datasets used throughout the paper. Both designs are
evaluated in cycle-accurate simulation paired with Ramulator [32],
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but on separate configurations. The order-two design uses 32 pro-
cessing elements with 1K FP32 MACs at 1 GHz and a 1.25 MB buffer
over HBM at 256 GB/s, matched by all baselines, while the contrac-
tion prototype uses 16 processing elements with 8K FP32 MACs at
650 MHz and a 2.5 MB global buffer over HBM2 at 307.2 GB/s. Its
baselines are SPADE [33] and HotTiles [34] extended by matriciza-
tion, the tensor-native GSpTC [35] and TCP [36], and HyperSB, a
hypergraph-partitioning baseline built on KaHyPar [26], all scaled
to matching compute and timed end-to-end, including graph con-
struction.

Data Reuse Analysis. Rows that reference the same columns
fetch the same dense rows, so they benefit from sharing a tile. For
each of 2,000 sampled rows per matrix, we locate its best reuse
partner, the row with which it shares the most columns, and test
whether that partner falls inside the same 64-row contiguous tile. As
Figure 8(a) shows, the partner lies outside the tile for 98.6% of rows
on ca-HepPh, 98.4% on wiki-Vote, and 86.0% on memplus, while the
banded FEM matrix besstk17 sits at 5.6% because its index locality
and connectivity locality coincide. Rebuilding the tiles greedily by
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column overlap, which approximates adaptive depth traversal in
software, reduces distinct dense-row fetches by 1.10X to 4.04X on
every matrix, and the gain tracks panel (a) almost monotonically.
RCM reordering [37] reacts inconsistently by comparison, helping
ca-HepPh by 2.65X while hurting three of the six matrices, down
to 0.64X, because bandwidth minimization constrains distance to
the diagonal rather than shared neighborhoods. We also evaluate
a reuse-oriented reordering that visits rows depth-first through
shared columns, similar to islandization [2]. It improves on RCM
with a geometric mean of 1.28x against 1.04x, but trails column-
overlap tiling at 1.63%, because it orders rows without regard to tile
boundaries and can still split rows that share columns. All three
methods produce one row permutation cut into the same 64-row
tiles, so buffer capacity and metadata size are held fixed.

Performance Analysis. Averaged over all datasets and fea-
ture dimensions, Aquila runs 4.88X faster than Sextans [12] and
retains a margin over SPADE, HotTiles, ReGNN, and I-GCN [2, 33,
34, 38], rising to 33.5X on GAP at a feature dimension of 256 [19].
Figure 12(a) compares each decision against index-based tiling with
a pull dataflow. Non-contiguous tiling alone improves performance
by 5.58% on average and PaP alone by 1.91x, while the two together
reach 10.30X because denser tiles give PaP more reuse to capture.
At high order, Figure 10 shows TensorPrism reaching geometric-
mean speedups of 2.22X, 2.40x, 1.71%, and 1.76x over SPADE, Hot-
Tiles, GSpTC, and TCP, and 1.49x over HyperSB [21]. The gap over
SPADE and HotTiles is the largest because matricization destroys
cross-mode locality, forcing redundant fetches that no coordinate-
based tiler can recover. The gap over hypergraph partitioning is
the narrowest and the most informative, since it isolates the co-
occurrence graph itself, the tiler needing pairwise coordinate over-
lap rather than hyperedge membership.

Off-Chip Memory Access. Every reuse opportunity taken on
chip is a dense-row fetch that never reaches DRAM. As Figure 9
shows, Aquila reduces off-chip accesses by 3.23%, 2.85X, and 2.81x
over Sextans, SPADE, and HotTiles, and by 2.67% and 2.38X over
the Graph Neural Network (GNN) accelerators ReGNN and I-GCN,
whose islandization is itself a reuse-oriented reordering [2]. The
per-dataset pattern is the diagnostic part, since I-GCN produces
twice the traffic of Sextans on PAP yet the least among the base-
lines on GAP, a heuristic tuned to one sparsity structure reacting
inconsistently to another. Aquila’s margin over the nearest baseline
runs from parity on DEL to 2.7X on WIKI, and it never trails.

Energy Efficiency. Compute energy is nearly identical across
designs that execute the same operations, so the traffic reductions
above appear directly as energy savings. As Figure 11 shows, Aquila
reduces energy at order two by an average of 60.5% over Sextans
and 55.7% over I-GCN. At high order, TensorPrism reduces energy
by 44.6%, 42.3%, 26.9%, and 15.7% over SPADE, HotTiles, TCP, and
GSpTC. The simulated breakdowns attribute the difference to off-
chip access, where transfers account for 79.1% of total energy in
TCP against 47.4% under the co-occurrence graph. We present the
accelerator results as simulation-only and preliminary.

5 Where Coordinate Methods Suffice

Our claim has clear boundaries. Coordinate methods remain effec-
tive when the sparsity structure is already captured by coordinates.
The banded FEM matrix is one such case, with only 5.6% of its reuse
invisible to coordinates, yielding just a 1.22X reduction in mod-
eled dense-row fetches (Figure 8). Structured N:M and block-sparse
patterns are coordinate-friendly by construction, so when such
regularity preserves model accuracy, dense-style hardware is the
right choice. Our claim instead targets unstructured and moderate
sparsity, where useful reuse is less exposed by coordinates [27].

A second boundary is the cost of building the graph. Both designs
construct the graph in hardware for every kernel invocation, and
all reported results include this cost. As Figure 12(b) shows, graph
construction accounts for 7.3% of Aquila’s runtime on average and
rises to 14.7% on an attention map from MInference (MIN) [6] at
10% density. In TensorPrism, it accounts for 13.5% of the runtime
on nell, compared with 19.1% for hypergraph partitioning. Static
sparsity, such as a GNN adjacency matrix or the system matrix
of an iterative solver, pays this cost once and amortizes it across
iterations, whereas per-query attention maps pay it on every call.

Both boundaries reduce to how much of the available reuse coor-
dinate order already exposes, which the invisible-reuse fraction of
Section 4 estimates cheaply by sampling. Our claim is therefore not
that coordinates always fail, but that tiling and traversal decisions
must consult connectivity when coordinate order hides the reuse.

6 Conclusion

Coordinate-based sparse acceleration leaves roughly 60% of the
available on-chip reuse unexploited, because the row and column
indices of an operand record where its nonzeros are stored rather
than which of them can share a fetch. Formulating the kernel as a
graph makes that structure explicit, turning tiling into partitioning,
dataflow into traversal, and reuse into a quantity computable before
execution. As sparsity becomes central to efficient foundation mod-
els, the hardware beneath it needs an abstraction that can represent
it.
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